Quantum Nonlocality of N-qubit W states 
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An experimental setup for testing quantum nonlocality of N qubits is proposed. This method 
is a generalization of the optical setup proposed by Banaszek and Wodkiewicz ljj. The quantum 
nonlocality of N qubits can be obtained through its violation of N-qubit Bell inequalities. The 
correlation function measured in the experiment is described by the Wigner function. The effect of 
inefficient detector is also considered. 
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I. INTRODUCTION 



Experimental verification on the conflict between 
quantum mechanics and local realism for two parti- 
cles have been well demonstrated in several experiments 
0, For a system with more than two particles, for 
example three particles, experimental verification of the 
violation of local realism is generally more difficult. Re- 
cently, conflicts between quantum mechanics and local 
realism for three qubits and four qubits have also been 
verified H0. For N qubits, experimental observations 
for violation of Bell inequalities are still lacking. 

In Ref. |]|, the authors proposed an optical setup 
for testing quantum nonlocality in phase space for two 
qubits. The setup essentially demonstrate quantum non- 
locality based on phase space measurement of the Wigner 
function using photon counting. The source used in Ref. 
is a single photon incident on a 50:50 beam split- 
ter (see Figure 0. The generated state is |^(2)) = 
77j(|10) ± 1 1 ) ) written in terms of the exit ports a\ and 

ai. For example, 1 10} means one photon exits at port 
a\ and no photon exits at port ai. ± can be realized 
by one phase shifter to adjust the relative phase and the 
relative phase can be set to zero without loss of gener- 
ality. As pointed in Ref. Q, the measuring apparatus 
consists of a beam splitter and photon counting detec- 
tor. The power transmission of the beam splitter is T. 
The incidence of an excited coherent state I7) on the sec- 
ond input port of the beam splitter results in coherent 
displacement. Namely, the action of the beam splitter 
is described by Z)(Vl — T7) in the limit of T — ► 1 and 
7 — > 00. The realistic measurement proposed in Ref. 0] 
is a test that the detectors are capable of resolving the 
number of absorbed photons and +1/ — 1 are assigned 
correspondingly to events in which an even/odd number 
of photons is registered. In short, the correlation func- 
tion measured is the Wigner function. In the experiment, 
quantum nonlocality of two qubits is revealed through 



violation of the CHSH inequality 6]. In this paper, we 
generalize the method to a A^-particle system. 

For N qubits, there have been umpteen Bell inequal- 
ities that have been proposed 0, IE IS EH E3 to test 
quantum nonlocality. The more general inequalities are 
the ones given in jlCllllj . These inequalities (ZB inequal- 
ities) impose sufficient and necessary conditions for the 
existence of local and realistic model. The ZB inequali- 
ties take the form 

I S(si,...s N )x 

Si,...SJV=±l 



E 



Q fei — 1 „£jjv — 1 



E(k 1 ,...k N )\<2", (1) 



fcl,...fcjv=l,2 
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where E(k±, ...fcj\r) is correlation function measured in a 
dichotomic-observable experiment. Specific choices give 
nontrivial inequalities. For example, for S(si, sjv) = 
V2 (cos [- f +lsi + ■ ■ ■ +s N - N) I ] ) one recovers the M ABK 
inequalities 0,1a, @|- ^ n th° article, we propose a general 
experimental setup for testing quantum nonlocality of N 
qubits by using the ZB inequalities. In section^ we gen- 
eralize the two-qubit experimental scheme to N qubits. 
We provide the general form of the correlation functions 
measured in the scheme. In section ITTT1 we consider the 
cases for N = 3, 4 as examples to show that the experi- 
mental observation of quantum nonlocality can be linked 
to the violation of 3-qubit and 4-qubit Bell inequalities. 
For three qubits, the ZB i neq uality is not violated by all 
pure entangled states |l2J,ll3j. In Refs. [14l llfij. we con- 
structed Bell inequalities which are violated by any pure 
entangled state of three qubits. Both 3-qubit ZB inequal- 
ity and the Bell inequalities given in Refs. [hH ll5T | will 
be used to test nonlocality in the proposed experiment. 
Effect of detector inefficiency is also considered in the 
section. 



II. PROPOSED EXPERIMENT FOR TESTING 
QUANTUM NONLOCALITY 

We first consider the source for generating an entangled 
state of qubits for the optical setup. For two qubits, 



2 





\ X 
















f \ 





(1) 





N-l source 












J . 



(3) 



FIG. 1: The sources proposed to generate N-qubit entangled 
states. In (1), the beam splitter is a 50:50 one which generates 
a two-qubit W state (a Bell state). In (2), the first beam 
splitter has a reflectivity R = | and the second beam splitter 
is a 50:50 one. These two beam splitters generate a three- 
qubit W state. We have used a black box to represent the 
source. In (3), the beam splitter has a reflectivity R = -L. 
The box represents a source which generates a (N-l)-qubit W 
state. The action of the beam splitter and the (N-l) source 
is to generate a N-qubit W state. 



the source is a 50:50 beam splitter. The output state of 
the source is \ip(2)) = -^(|10) + |01)). For three qubits, 
we look for a source that consists of a beam splitter with 
reflectivity R = | followed by a 50:50 beam splitter. The 
output state is \ip(3)) = ^(|100) + |010) + |001». Such 

a source is shown in Figure ^ (2). In the Figure Q (2), 
we use a black box to represent an effective three-qubit 
source. For a four-qubit source, one can build on the 
three-qubit source with an additional beam splitter. The 
beam splitter in this case has a reflectivity R = j. Gen- 
eralizing, an iV-qubit source for arbitrary N qubit is real- 
ized by a beam splitter with reflectivity R = -k followed 
by a (N — l)-qubit source. The overall action of (N — 1)- 
qubit source is that a single photon entering the box will 
have equal chances of exiting at any of the (N — 1) ports. 
The probability is N 1 _ 1 . The beam splitter has a trans- 

mittance T — ^j^-- So in Figure ^ (3), the probability 
of a single photon exiting from each port (a.2, ...ajsr) of 
the box is 



N-l 



-jy— r— — jr. The probability of a single 
photon exiting from the reflected port ai of the beam 
splitter is also since its reflectivity R — jy. There- 
fore the effective source generates an iV-qubit W state 

1^)) = ^vd 10 -°> + l 01 -°> + - + l°- 01 »- 

The experimental setup is schematically shown in Fig- 
ure|21 A single photon enters the source and exits with an 
equal chance at each outgoing mode a^. The measuring 




FIG. 2: The optical setup for testing nonlocality of N qubits. 
The beam splitter in the top line, which has a reflectivity 
R = 1/JV, and the (N-l) source generate a N-qubit entangled 
state. Coherent displacements D ai (pti) axe realized by strong 
coherent states (7^ — > 00) injected into beam splitters 
which have transmittance close to 1 (T, -t 1). N detectors 
are put in the lowest line. 



devices are photon detectors preceded by beam splitters 
which have transmittance — > 1. Strong coherent states 
are injected into the beam splitters. As a result, the 
beam splitters give coherent displacements D ai (a*) with 
ai = \/X — Tiji on the input modes when 7i — > 00 [y . By 
assigning +1/ — 1 to the events that an even/odd number 
of photons has been registered, the correlation function 
measured in the experiment is given by 



n„ 



.a N (ai,a 2 , ...,a N ) 



(iP(N)\iL ai { ai ) ® fl a2 (a 2 ) ® ... ® Il aN (a N )\ip(N)), 

(2) 

where on is coherent displacement for the mode aj. 
£[ aj (a!j) is an operator defined as 

00 

ilaM) = D 0< (o i )5^|2*)(2*|Bi t (o < ) 

00 

-D ai ( ai )J2 \2k + l)(2k + l\Dl(ai). (3) 

fc=0 

The operator II ai (an) is also of the form pj 

flaM) = Da^i-lf^DlM), (4) 

which is the displaced parity operator. Because that 
DtMM = e-^*l 2 ]T(-a 4 r^=|m) 

m v 

DlMl) = e -^l 2 {£(- a ,rX*^= 



\rn) 
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for the state |\&(iV)), we have 

n aia2 ... aN (ai,a2,...,ajv) = 
1 N 

^A^a^ - N)e-^-^ . (6) 

i=l 

For TV qubits, by measuring correlation functions and us- 
ing ZB inequalities, one can hopefully show violation of 
iV-qubit Bell inequality. In the next section, we investi- 
gate quantum nonlocality of 3 and 4 qubits. 

III. EXAMPLES 

In this section, we generalize the scheme to 3 qubits 
first. For three qubits, the source of nonclassical radia- 
tion is a single photon incident on a beam splitter with 
transmittance T = 2/3 and reflectivity R = 1/3 followed 
by a 50:50 beam splitter, which generates a three-qubit W 
state. The measuring devices are photon counters with 
beam splitters placed in front of them. The beam split- 
ters have the transmission coefficient close to one with 
strong coherent beams injected into the auxiliary ports. 
In this limit, the beam splitters effectively perform coher- 
ent displacements -D Q1 (ai), -D Q2 (a! 2 ) and D a3 {a^) on the 
three ports (modes) of the input field. The correlation 
function measured is 

11(11(12(13 (^1 1 

= (V>(3)|n ai (ai) ® IIa 2 (a 2 ) ® n Q3 (a 3 )|V(3)) 

= I e -2(M 2 +M 2 +M 2 ) (4 | ai + a2 + a3 |2 _ 3) (?) 
o 

We next construct a Bell quantity from the 3-qubit ZB 
inequality: 

^3qubits = II (a 1 ,a 2 ,a 3 ) + H aia2a3 (a 1 , a 2 , a 3 ) 
1(12(13 (a 1; a 2 ,a3) - II (a 1 ,a 2 ,a 3 ). 

(8) 

where a* with i — 1,2 and j = 1,2,3 are the two exper- 
imental settings of the coherent displacements for ports 
ai , a 2 and 03 respectively. For a local realistic theory, 
^3qubits < 2. Unfortunately 3-qubit ZB inequality does 
not reveal quantum nonlocality since a numerical calcu- 
lation gives (B3q U bits f; 2. A possible reason is that the 
degree of quantum nonlocality depends not only on the 
given entangled state but also on the Bell operator (lt| . 
Hence the result means that 3-qubit ZB inequality may 
not reveal quantum nonlocality for displacement mea- 
surements on the particles. 

Recently new Bell inequalities for three qubits have 
been proposed in Refs. [lj, [I3 ■ The Bell inequalities are 
violated for any pure entangled state. We next show that 
quantum nonlocality of three qubits can be exhibited in 
the proposed experimental scheme using the correlation- 
form inequality given in |l5j . 



Unlike the 3-qubit ZB inequality where there are only 
three-particle correlation functions, the recent Bell in- 
equality for three qubits contains two-particle correlation 
functions and one-particle correlation functions |15| . The 
two-particle correlation functions and one-particle corre- 
lation functions are given by 

102 ( a ii a 2) — ("0(3)|n ai (ai) (g> II 02 (a 2 ) <g> 1|V>(3)), 
U aia3 (a u a 3 ) = (V>(3)|n ai (ai)<8> 1 <g> n a3 (a 3 )|V(3)), 
n a2a3 (a2,a 3 ) = (V<3)|l<g>n a3 (a 2 )<g>n a3 (a 3 )|V(3)), 
n ai (ai) = (V>(3)|n ai (ai) ® 1®1W3)), 
n a2 (a 2 ) = (^(3)|l®n a2 (a 2 )® 1|V(3)), 

n a3 M = (^(3)|i®ion a3 (a 3 )|v(3)). 

(9) 

The two-particle correlation functions are measured 
when one of three observers does not perform any mea- 
surement on his detector. The one-particle correlation 
functions are measured when two of three observers do 
not perform any measurement on their detectors. By sim- 
ilar calculations to the one for three-particle correlation 
function, we have 

n aiaj (a i ,a j ) = ^e- 2 ^\ 2+ ^(4\ ai + aj \ 2 -l), 
na I (a,) = ^e- 2 d Q -l 2 )(4|a i | 2 + l), 

(10) 

where i,j = 1,2,3. Using a correlation form of the in- 
equalities for three qubits given in Ref . |15| , we construct 
a new Bell quantity for three qubits 

^3qubits = — n aia2a3 (a\, tt 2 , CK3) + H aia2a3 (a\, a 2 , a 2 ) 

+ n aia2Q3 (Q; 1 ,a 2 ,Q; 3 ) + n aia2a3 (a 2 , a 2 , a 3 ) 

- n aia2a3 (a 2 ,a 2 ,a3) - n aia2 (a},a 2 ) 

- n aia2 (a 2 ,a2) - U aia2 (al, a 2 ,) 

- n aia3 (a},a 2 ) - n aia3 (a 2 ,a3) 

- n aia3 (a 2 ,a 2 ) - n a2a3 (a2,a3) 

- n a2 a 3 i a 2' a 3) ~ n Q 2a3(o ; 2 1 ^3) 

+ n 01 (ai) + n 0a (aj) + n 08 (aj). (11) 

Local realism theories impose the upper bound value of 
3 for the Bell quantity # 3qubits . By taking the coherent 
displacements as a\ = a\ = a\ — 0.471669, a\ = a 2 , — 
a\ = -0.0205849, S 3qubits = 3.1605 which is greater than 
3. Thus one can detect quantum nonlocality of a three- 
qubit system in the proposed experiment. 

For four qubits, the effective 4-qubit source generates 
a 4-qubit W state which takes the form 

1^(4)) = ^ (| 1000) + |0100) + |0010) + |0001)). (12) 
The correlation function measured is given by 
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^a ia2 a 3 aA a ii a 2, a 3 , a A ) = (if) (4) \U ai (a 4 ) <8> n a2 (a 2 ) ® n Q3 (a 3 ) ® n a4 (a 4 )|-0(4)} 

= I e -2(hi| 2 + h2| 2 + |a 3 | 2 + |a4| 2 ) (4 | ai + ^ + ^ + a4 |2 _ 4)< (13) 

I 

Based on the 4-qubit ZB inequality, the Bell quantity /B4 qu bits is constructed as 
I 

^?4qubits = n aia2(l3a4 (Q!]^ , 2 , O-j, O4) n aia2Q;ja4 (a 1 ,a2,a 3 ,a 4 ) - II 

0,10.203(14 (ai, 02,03,0:4) - n (0^02,03,04) 

- n aia2a3a4 (aj, 02,03, a 4 ) - n aia2a3Q4 (aJ, 02,03, 04) - Ua 1 a 2 a 3 a i (o! 1 , o 2 , o 3 , a 4 ) + n Qia2 a 3 a 4 (a}, a 2 , a 2 , a 2 ) 

- n aia2 a 3 a 4 (ai, 02, 03, 4 ) - U aia2a3ai (al,al, 3 , 4 ) - n ai a 2 a 3 a 4 ( a l> a 2; a 3 > a l) + n aia2 a 3 a 4 (a? , O^ , Og , a 4 ) 

TT C„2 „2 „1 „h 1 n /2212\ |TT / 2 2 2 1\ , tt / 2 2 2 2n 

- ll Ql a 2 a 3 a 4 (O x , 2 , 3 , a 4 j + ll ai a 2a3 a 4 (a^ 2 , a 3' "4) + 11 «i« 2 <"3«4 ( a l 7 2 , Og , O4 ) + Ll ai a 2 a 3 a 4 (O x , 2 , Og, 4 ), 

(14) 



where a*- with i = 1,2 and j = 1,2,3,4 are two exper- 
imental settings of the coherent displacements for mode 
Oil a 2, og and 04 respectively. By setting the experimen- 
tal values of the coherent displacement as a\ — a\ — 
a\ = a\ = -0.104749, a\ = a\ = o 2 = o| = 0.294117, 
the maximum value of 2? 4qu bits is calculated numeri- 
cally to be 5.14529. Since local realistic theories require 
BiquUts < 4, the violation of local realism is simply shown 
from ZB inequality. 

It should be mentioned that other factors should be 
taken into account, such as detector inefficiencies, in 
practice. If one considers the inefficiency of detector, one 
has to modify the correlation slightly to account for the 
imperfections, which are characterized by the quantum 
efficiency of detectors r\ (0 < rj < 1). For ideal detectors, 
r] = 1 and the correlation is perfect. For non- ideal detec- 
tors, the correlation is modified by II' Qi ajv (oi...ojv). If 
we assume that all the photon detectors have the same 
efficiencies rj, 

n' 0ia2 ... Ojv (oi,a 2 , ...,a N ) = 

(iP(N)\fi! ai (o 4 ) ® n' 02 (o 2 ) ® ... ® fl' aN (a N )\if)(N)), 

(15) 

where n^.(oi) is an operator defined as 

n^(oi) = D ai ( ai ) (-ly^DKai) 

= D ai (a i )(l-2r)f°<Dl(a i ). (16) 

A straightforward calculation yields the modified corre- 
lation function for the state if>(N)) 

II a 1 o 2 ...a JV ( Q! l' Q! 2,-,0 J v) = 

1 N 

1{(-2^) 2 | J2 a,| 2 + N{1 ~ 2^}e- 2 "Sf =1 M 2 ( . 17) 



I 

The detector efficiency directly affects the experimental 
results. As an example, we consider the 3-qubit experi- 
ment. Using the modified correlation functions 

i{(-2 ?? ) 2 |^o l | 2 + 3(l-2 77 )}e- 2 ^-l-l 2 
'* i=i 

\{{-2 v f(\a t + o/) + 3 - 4 7? }e- 2 "^l 2 +K-l 2 ) 

KM) = 

i{(-2 ?7 ) 2 (|o 4 | 2 ) + 3-2r;} e - 2 ^l 2 ) (18) 

where i, j — 1,2,3, a Bell quantity B 3m lhHs is constructed 
from the Bell inequality given in Ref. |l5| . 

Cubits = -K^aAa^a^al) + H' ai a 2 aA a ^ a l) 

- nl 1Q2a3 (o 2 ,o 2 ,o 2 )-nl ia2 (o},o 2 ) 

- ^a^i^l^l) - n' aiCt2 (Oi,0 2 ) 

- n^ ia3 (o},o 2 )-n; ia3 (o 2 ,o 3 ) 

- n^ iQ3 (o 2 ,o 2 )-n; 2Q3 (ai,o 2 ) 

- n^ 2a3 (o 2 ,o 3 )-n; 2a3 (a 2 ,a 2 ) 

+ n' ai K)+n' 02 (oi)+n' 03 (oi). (19) 

Since, for a local realistic description, i? 3qubits < 3 and 
for quantum nonlocality, the Bell quantity #g qubits has a 
maximum value of 3.1605, which is greater than 3 when 
rj > 0.9804. Thus, the nonlocality of a three-qubit system 
exhibits in the proposed experiment if rj > 0.9804. Quan- 
tum nonlocality of N qubits ( N is an arbitrary number) 
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can be tested in the proposed experiment in a similar 
way. 

In the article, we propose an experimental setup for 
testing quantum nonlocality of N qubits by using N- 
qubit Bell inequalities. The correlation function mea- 
sured in the scheme is described by the Wigner function. 



We also briefly consider the case in which the detectors 
are inefficient and provide a threshold value above which 
nonlocality observation can be obtained. 

This work is supported by NUS academic research 
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